We study a class of curves over finite fields such that the maximal (respectively minimal) curves of this class form a subclass containing the set of maximal (respectively minimal) curves of Coulter (cf. [R.S. Coulter, The number of rational points of a class of Artin-Schreier curves, Finite Fields Appl. 8 (2002) 397-413, Theorem 8.12]) as a proper subset. We determine the exact number of rational points of the curves in the class and we characterize maximal (respectively minimal) curves of the class as subcovers of some suitable curves. In particular we show that Coulter's maximal curves are Galois subcovers of the appropriate Hermitian curves.
Introduction
Let F q be a finite field with q elements and 1. By a curve we mean a smooth, geometrically irreducible projective curve defined over a finite field. Curves with many rational points over finite fields have many applications in coding theory, cryptography, finite geometry and related areas (see for example [5, [7] [8] [9] ). It is useful to have explicit equations of curves with many points for some applications. For the number #X (F q ) of F q -rational points of a curve X defined over F q of genus g(X ), the Hasse-Weil inequality states that 1 + q − 2g(X )q /2 #X (F q ) 1 + q + 2g(X )q /2 .
A curve X over F q is called maximal or minimal if #X (F q ) is 1 + q + 2g(X )q /2 or 1 + q − 2g(X )q /2 respectively. Note that for g(X ) 1, if X is maximal or minimal, then q /2 is an integer. In [1] , Coulter determined the exact number of rational points of a class of Artin-Schreier type curves using explicit evaluations of certain character sums. All the maximal or minimal curves of [1] have an affine equation of the form
over a finite field F q 2n , where n 1, a ∈ F q 2n \ {0}, h 0 and L(X) = u 0 X + u 1 X q + · · · + u t X q t ∈ F q 2n [X] is an F q -linearized polynomial (cf. [1, Theorem 8.12] ).
In this paper we study curves over F q 2n with an affine equation of the form
where L(X) is as above and S(X) = s 0 X + s 1 X q + · · · + s h X q h ∈ F q 2n [X] is an F q -linearized polynomial with h 0 and s h = 0. If q is even, we further assume that h = 0, since otherwise the curve of (1.1) is rational. The theory of algebraic curves is essentially equivalent to the theory of function fields. From now on, we are going to use the language of function fields and our basic reference for function fields is [8] . Let F be the algebraic function field
where S(X) and L(X) are as above. Since the full constant field of F is F q 2n , throughout the paper a rational place of F means an F q 2n -rational place of F , or equivalently an F q 2n -rational point of the curve in (1.1).
Using results from [6, Chapter 6] we determine the exact number of rational places of F . We show that if F is maximal or minimal, then there exist U, V ∈ F such that
If F is maximal or minimal, using the representation in (1.3) and some results of [2] , we characterize the maximal (respectively minimal) curves of the form (1.1) as subcovers of suitable curves. In particular if F is maximal, then we prove that F is a Galois subcover of the Hermitian function field H over F q 2n , which is given by
The paper is organized as follows. In Section 2 we give some preliminaries. We determine the exact number of rational places of F in Sections 3 and 4. Our characterization results are obtained in Section 5.
Preliminaries
In this section we give some preliminaries which will be used in the paper. Throughout the paper Tr denotes the trace map from F q 2n to F q , i.e. Tr(a) = a ++ · · · + a q 2n−1 . Let B S be the symmetric bilinear form on F q 2n defined as
Note that B S is alternating if q is even. Let Q S be the map
We recall that the radical W S of B S is
It is not very difficult to observe that W S is the set of the roots in F q 2n of the polynomial
For the function field F in (1.2) we also have
where
2)
Let N(Q S (x) + ψ(x) = 0) denote the number of solutions of the equation Q S (x) + ψ(x) = 0 with x ∈ F q 2n . For the number of rational places N(F ) of F , using Hilbert's Theorem 90, we obtain that
The following simple lemma will be useful in the paper.
Proof. For α ∈ F q , as the characteristic of F q is p, there exists a uniquely determined x ∈ F q satisfying
Hence for each x 1 , . . . , x l−1 ∈ F q , there exists a uniquely determined x l ∈ F q satisfying
Number of rational places of F in the case q is even
In this section we determine the number of rational places N(F ) of the function field F when q is even. The restriction of B S on W S gives a non-degenerate and alternating symmetric form on W S . Therefore k is even and there exists a basis {e 1 , . . . , e 2n−k } of W S such that for X 1 , . . . , X 2n−k ∈ F q we have that Q S (X 1 e 1 + · · · + X 2n−k e 2n−k ) is equal to either
where d ∈ F q and Tr 
.
In the cases of Type I and Type II, let C i be
for i equal to 1 and 2 respectively.
Theorem 3.1. Assume that q is even. Under the notation as above, the number of rational places N(F ) of the function field F is determined in the following:
in the case of Type I and
in the case of Type II and C 2 = 0. Proof. For α ∈ F q 2n and β ∈ W S , it follows from the definitions of the map Q S and the rad-
. . , Y k ∈ F q using (3.1) and (3.2) we obtain 
. . , Y k ∈ F q using (3.1) and (3.2) we obtain
where H is either H 1 or H 2 .
If Ker ψ ∩ W S ⊆ V S ∩ W S , then we can choose the basis {f 1 , . . . , f k } of W S such that b k = 0 and c k = 0. Hence 
denote the number of solutions of the equation
Moreover as μ is an additive homomorphism on F q with |Ker μ| = 2, we obtain 
From (2.3) we obtain that
Now assume that C 1 / ∈ Im η. Then for each y 1 ∈ F q , the number of the solutions of the equa- tion H 1 (x 1 , . . . , x 2n−k ) = C 1 − b 1 y 1 − c 1 y 2 1 = 0 with x 1 , . . . , x 2n−k ∈ F q is obtained from [6, Theorem 6 .32] as q 2n−k−1 − q n−k/2−1 . Hence using (3.4) we get
If W S ⊆ V S , Ker ψ ∩ W S = V S ∩ W S and we are in the case of Type II, then we apply similar methods and we complete the proof. 2
Number of rational places of F in the case q is odd
In this section we determine the number of rational places N(F ) of the function field F when q is odd. In this case we have that W S ⊆ V S always holds and that k is not necessarily even. Using [4, Theorem 4.9] we obtain a basis {e 1 , . . . , e 2n−k } of W S and a basis {f 1 , .
Theorem 4.1. Assume that q is odd. Under the notation as above, the number of rational places N(F ) of the function field F is determined in the following:
If k is even and A = 0, then
Proof. As in the proof of Theorem 3.1, let Ψ : F q 2n → F q be the map sending x to Q S (x)+ψ(x).
Therefore using (2.3) and Lemma 2.1 we obtain that N(
We complete the proof using [6, Theorems 6.26, 6 .27] and (2.3). 2
Characterization of maximal and minimal function fields
In this section, using the results of Sections 3 and 4, we prove that if F is maximal or minimal then there exist U, V ∈ F such that F = F q 2n (U, V ) with V q − V = US(U). Then combining this result with some results of [2] we characterize F as a subfield of a suitable function field.
We begin with a definition.
We recall from Section 2 that the function field F can be written as
where Z ∈ F is given by (2.2). Note that ψ(x) = Tr(u L(X) x) for each x ∈ F q 2n . Let U be the subset of F q 2n consisting of u ∈ F q 2n such that W S is in the kernel of the F q -linear map x ∈ F q 2n → Tr(ux) ∈ F q . As dim F q W S = k, we obtain that the cardinality |U| of U is q 2n−k .
For
. Let u L a (X) be the element of F q 2n obtained using Definition 5.1. We have
Assume that F is maximal or minimal. Then using Theorems 3.1 and 4.1 we have that for each a ∈ F q 2n , W S is in the kernel of the 
Theorem 5.2. If F is maximal or minimal, then we have U, V ∈ F such that
and Tr(aS(a)) = 0. There exists α ∈ F q 2n with α q − α = aS(a). We obtain that
For Z ∈ F defined in (2.2) we have
Let the coefficients of the
Then we have
Let V := Y 1 + α ∈ F and U := X + a ∈ F . Using (5.1) and (5.2) we obtain that F = F q 2n (U, V )
Next we assume that q is odd. From the proof of Theorem 4.1 we observe that the uniquely
and Tr(aS(a)) = 0. We complete the proof as in the case that q is even. 2
Now we give our characterization results. We need to give some known results on the automorphism group Aut(H /F q 2n ) of H fixing F q 2n . We refer the reader to [3] for the details of these facts. The automorphism group A = Aut(H /F q 2n ) is isomorphic to the projective unitary group PGU(3, q 2n ). Let P ∞ be the unique pole of X in H . Let A(P ∞ ) be the subgroup of A given by A(P ∞ ) = {σ ∈ A: σ P ∞ = P ∞ }.
The unique p-Sylow subgroup A 1 (P ∞ ) of A(P ∞ ) consists of the automorphisms
where α ∈ F q 2n , β q n + β = α q n +1 , and hence |A 1 (P ∞ )| = q 3n . 
